Rules for integrands involving Fresnel integral functions

1. jFr‘esnelS [a+bx]"dx

1: JFr‘esnelS[a + b x] dx

Derivation: Integration by parts
Basis: O, FresnelS[a+bx] =bSin|[Z (a+bx)?]

Rule:

(a+bx) FresnelS[a + b x] (a+bx) FresnelS[a + b x] COS[§ (a +bX)2]
+

T
JFr‘esnelS[a+bx] dx — —J(a+bx) Sin[— (a+bx)2] dx —
2

b b b

Program code:

Int[FresnelS[a_.+b_.*x_],x_Symbol] :=
(a+bxx) xFresnelS[a+bsx] /b + Cos[Pi/2x(a+bxx)~2]/(b+Pi) /;
FreeQ[{a,b},x]

Int[FresnelC[a_.+b_.*x_],x_Symbol] :=
(a+bxx) xFresnelC[a+bsx] /b - Sin[Pi/2x (a+bxx)~2]/(b+Pi) /;
FreeQ[{a,b},x]
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2: JFr‘esnelS [a+bx]2dx

Derivation: Integration by parts
Basis: O, FresnelS[a+bx]2=2bSin|[Z (a+bx)?| FresnelS[a + b x]

Rule:

(a+bx) FresnelS[a + b x]?
b

JFr‘esnelS[a +bx]12dx — -2 f(a +bx) Sin[ﬁ (a+ bx)z] FresnelS[a + b x] dx
2

Program code:

Int[FresnelS[a_.+b_.*x_]72,x_Symbol] :=

(a+bxx) *xFresnelS[a+bxx]"2/b -

2xInt [ (a+bxx) *Sin [Pi/2* (a+bxx) "2] *FresnelS[a+bxx] ,x] 78
FreeQ[{a,b},x]

Int[FresnelC[a_.+b_.*x_]”"2,x_Symbol] :=

(a+bxx) *FresnelC[a+bxx]”*2/b -

2+Int [ (a+bxx) xCos [Pi/2x (a+bxx)~2] xFresnelC[a+bxx],x] /;
FreeQ[{a,b},x]
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X: JFr‘esnelS[a +bx]"dx whenn#1 A ng2

Rule:lf n +1 A n # 2,then

J.Fr'esnels [a+bx]"dx — J-Fr'esnels [a+bx]"dx

Program code:

Int[FresnelS[a_.+b_.*x_]”n_,x_Symbol] :
Unintegrable [FresnelS[a+b*x]”n,x] /;
FreeQ[{a,b,n},x] &% NeQ[n,1] && NeQ[n,2]

Int[FresnelC[a_.+b_.*x_]”n_,x_Symbol] :
Unintegrable [FresnelC[a+b*x]”n,x] /;
FreeQ[{a,b,n},x] &% NeQ[n,1] && NeQ[n,2]

2. j(c+dx)'“Fresne1$[a+bx]"dlx
1. J(c+dx)'"Fr‘esnelS[a+bx] dx
1. J(d x)™ FresnelS[b x] dx

FresnelS[b x]
1: j— dx

X

Derivation: Algebraic expansion

Basis: FresnelS [b x] == 121 Er‘f{lzi (1+1) bx} + % Er‘f{ﬁzﬂ (1-1) bx}
Basis: FresnelC b x] = 1 Er'f{ﬁzﬁ (1+1) bx} p Lk EPF{AZE (1-1) bx}

Rule:
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TT ) JT .
J\Fr'esneIS[bx] 1ei JENC[—VZ (1+i) bx] - J~Erf[—“2 (1-1) bx]|
———dx — dx + dx

X 4 X 4 X

Program code:

Int[FresnelS[b_.xx_]/x_,x_Symbol] :=
(1+I) /4xInt [Erf[Sqrt[Pi] /2« (1+I) xbxx]/x,x] + (1-I)/4xInt[Erf[Sqrt[Pi]/2«(1-I)xbxx]/x,x] /;
FreeQ[b,x]

Int[FresnelC[b_.*x_]/x_,x_Symbol] :=

(1-I) /4xInt [Erf[Sqrt[Pi] /2« (1+I) xbxx]/X,x] + (1+I)/4xInt[Erf[Sqrt[Pi]/2« (1-I)xbxx]/x,x] /;
FreeQ[b,x]

2: J(d x)" FresnelS[b x] dx when m # -1

Derivation: Integration by parts

Rule: If m # -1, then

(d x)™?! FresnelS[b x] b
d(m+1) d(m+1)

T
J(d X)" FresnelS[b x] dx — J(d x) ™1 Sin[— b2 x2] dx
2

Program code:

Int[(d_.*x_)”~m_.xFresnelS[b_.xx_],x_Symbol] :=
(d*x) ~ (m+1) xFresnelS [bxx]/ (dx (m+1)) - b/ (d+ (m+1))+Int[ (dxx)" (m+1) +Sin[Pi/2+b"2+x"2],x] /;
FreeQ[{b,d,m},x] && NeQ[m,-1]

Int[(d_.*x_)”~m_.xFresnelC[b_.xx_],x_Symbol] :=
(d%x) ~ (m+1) xFresnelC[bxx] / (d+ (m+1)) - b/ (d*(m+1))*Int[(d*x)"(m+1)*Cos[Pi/z*b"z*x"z],x] /3
FreeQ[{b,d,m},x] && NeQ[m,-1]
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2: J(c +dx)"FresnelS[a + bx] dx whenme z*

Derivation: Integration by parts
Basis: O, FresnelS[a+bx] =bSin|[Z (a+bx)?]

Rule: If m € z*, then

(¢ +dx)™! FresnelS[a + b x] b

d (m+1) d(m+1)

J(c +dx)"FresnelS[a+bx] dx — J(c +dx)m™? Sin[E (a+bx)2] dx
2

Program code:

Int[(c_.+d_.*x_)"m_.*FresnelS[a_.+b_.*x_],x_Symbol] :=
(c+dxx)~ (m+1) *xFresnelS[a+bxx]/ (d* (m+1)) -
b/ (dx (m+1) ) »Int [ (c+d+x) A (m+1) xSin[Pi/2x (a+bxx)"2],x] /;
FreeQ[{a,b,c,d},x] && IGtQ[m,0]

Int[(c_.+d_.*x_)"m_.*xFresnelC[a_.+b_.*x_],x_Symbol] :=
(c+d*x) ~ (m+1) *FresnelC[a+bxx]/ (d* (m+1)) -
b/ (dx (m+1) ) »Int [ (c+d+x) A (m+1) xCos [Pi/2x (a+bxx) 2] ,x] /;
FreeQ[{a,b,c,d},x] && IGtQ[m,0]
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2. J(c +dx)"FresnelS[a + b x]2?dx

1: |x"FresnelS[bx]2dx whenmez A m#-1

Derivation: Integration by parts
Basis: Ox FresnelS[bx]2 == 2bSin|[Z b? x?| FresnelS [b x]

Rule:lf mez A m+# -1, then

N 5 x™! FresnelS[bx]2 2b met s [T 2 2
x" FresnelS[bx]“dx — - X" Sin b” x°| FresnelS[b x] dx
m+1 m+1 2

Program code:

Int[x_~m_.x*FresnelS[b_.xx_]”2,x_Symbol] :=

X~ (m+1) *xFresnelS [bxx] "2/ (m+1) -

2xb/ (m+1) +Int[x” (m+1) #Sin[Pi/2xb 2+x"2] xFresnelS [bxx],x] /;
FreeQ[b,x] && IntegerQ[m] && NeQ[m,-1]

Int[x_”"m_.xFresnelC[b_.xx_]"2,x_Symbol] :=

X~ (m+1) *FresnelC[bxx]"2/ (m+1) -

2xb/ (m+1) #Int[x" (m+1) #Cos [Pi/2xb"2+x"2] xFresnelC[b+x],x] /;
FreeQ[b,x] && IntegerQ[m] && NeQ[m,-1]
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2: J(c +dx)"FresnelS[a + bx]%dx when me z*

Derivation: Integration by substitution

Rule: If m e z*, then

1
J(c +dx)"FresnelS[a +bx]2dx — — Subst [JFr‘esnelS [x]? ExpandIntegrand[(bc-ad+dx)", x] dx, X, a+b x]
b +

Program code:

Int[(c_.+d_.*x_)"m_.*xFresnelS[a_+b_.#x_]72,x_Symbol] :=

1/b” (m+1) *Subst [Int [ExpandIntegrand[FresnelS[x]"2, (bxc-axd+d*x) ~m,x],x],X,a+bxx] /;
FreeQ[{a,b,c,d},x] && IGtQ[m,0]

Int[(c_.+d_.*x_)"m_.*xFresnelC[a_+b_.%x_]72,x_Symbol] :=

1/b” (m+1) *Subst [Int [ExpandIntegrand[FresnelC[x]"2, (bxc-axd+d*x) ~m,x],x],X,a+bxx] /;
FreeQ[{a,b,c,d},x] && IGtQ[m,0]

X: J(c +dx)" FresnelS[a + b x]" dx

Rule:

J-(c +dx)"FresnelS[a+bx]"dx — J-(c +dx)" FresnelS[a + bx]" dx

Program code:

Int[(c_.+d_.*x_)"m_.xFresnelS[a_.+b_.*x_]”n_.,x_Symbol] :=
Unintegrable[ (c+dxx) “mxFresnelS[a+bx]”*n,x] /;
FreeQ[{a,b,c,d,m,n},x]
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Int[(c_.+d_.*x_)"m_.xFresnelC[a_.+b_.*x_]”n_.,x_Symbol] :=
Unintegrable[ (c+dxx) “mxFresnelC[a+b*x]”n,x] /;
FreeQ[{a,b,c,d,m,n},x]

3. Je“d “ EresnelS [a+bx]"dx

1: Jec*dxz FresnelS[b x] dx when d? == —’;—2 b*

Derivation: Algebraic expansion

Basis: FresnelS[b x] == 1 EPF{AZE (1+1) bx} 4 11 Er‘f{ﬂ (1-1) bx}

N

Basis: FresnelC b x] = - EmﬂlzE (1+1) bx} 4 L Erfh@ (1-1) bx}

Note: If d? == - 7;—2 b#, then resulting integrands are integrable.

Rule:

1+1

V7T hiR V7T
je“dxz FresnelS[bx] dx — je“dx2 Er‘f[— (1+1) bx] dx + Je""“z Er‘-F[— (1-1) bx] dx
2 2

Program code:

Int[E~(c_.+d_.*x_"2) *FresnelS[b_.*x_],x_Symbol] :=
(1+1)/4*Int[EA(c+d*xAz)*Erf[Sqrt[Pi]/z*(1+1)*b*x],x] + (1-1)/4*Int[EA(c+d*xAz)*Erf[Sqrt[Pi]/z*(1-1)*b*x],x] /3
FreeQ[{b,c,d},x] && EqQ[d"2,-Pi"2/4xb 4]

Int[E~(c_.+d_.*x_"2) *FresnelC[b_.*x_],x_Symbol] :=
(1-I) /4xInt [E” (c+d*x"2) +Erf [Sqrt[Pi] /2% (1+I) xbxx],x] + (1+I)/4xInt[E~(c+d*x2)+Erf[Sqrt[Pi]/2+ (1-I)«bxx],x] /;
FreeQ[{b,c,d},x] && EqQ[d"2,-Pi"2/4xb 4]
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X: Je“d “ Eresnels [a+bx]"dx

Rule:

je“w FresnelS[a+bx]"dx — je“dxz FresnelS[a + b x]" dx

Program code:

Int[E~(c_.+d_.*x_"2) xFresnelS[a_.+b_.*x_]”n_.,x_Symbol]
Unintegrable [E”~ (c+d*Xx”"2) xFresnelS[a+bxx]"n,x] /;
FreeQ[{a,b,c,d,n},x]

Int[E~(c_.+d_.*x_"2) *xFresnelC[a_.+b_.*x_]”n_.,x_Symbol]
Unintegrable [E~ (c+d*Xx”"2) xFresnelC[a+bxx]”n,x] /;
FreeQ[{a,b,c,d,n},x]
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4. Jsin[c +dx?] FresnelS[a + bx]" dx

1: [sin[d x?] FresnelS[bx]" dx when d? = ’;—z b*

Derivation: Integration by substitution

Basis: If d? == ”IZ b#, then
Sin{d xz} F[FresnelS[bx]] == ﬁ Subst [F[x], X, FresnelS[b x]] oxFresnelS[b x]

Rule: If d? == 72—2 b4, then

b
Jsin[d x*] FresnelS[bx]"dx — —Subst[jx“ dx, x, FresnelS[b x]]
2d

Program code:

Int[Sin[d_.+x_"2]*FresnelS[b_.*x_]”~n_.,x_Symbol] :
Pixb/ (2xd) *Subst [Int [x*n,x],X,FresnelS[bxx]] /;
FreeQ[{b,d,n},x] && EqQ[d"2,Pi"2/4xb"4]

Int[Cos[d_.xx_"2]*FresnelC[b_.*x_]”n_.,x_Symbol] :
Pixb/ (2xd) *Subst [Int [x*n,x],X,FresnelC[bxx]] /;
FreeQ[{b,d,n},x] && EqQ[d"2,Pi"2/4xb"4]

10
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2: Jsin [c +dx?] FresnelS[bx] dx when d? = ’;—2 b*

Derivation: Algebraic expansion
Basis: Sin|c +d x?| = Sin[c] Cos |dx?| + Cos[c] Sin|d x?]

Rule: If d? == 7;—2 b#, then

Jsin[c +dx?] FresnelS[bx] dx — Sin[c] JCos[d x?] FresnelS[bx] dx + Cos [c] jsin[d x?] FresnelS[bx] dx

Program code:
Int[Sin[c_+d_.*x_"2]FresnelS[b_.xx_],x_Symbol] :=
Sin[c]*Int[Cos [d*x"2] xFresnelS [bxx],x] + Cos[c]*Int[Sin[d*x"Z]*Fr‘esnelS[b*x],x] /5
FreeQ[{b,c,d},x] & EqQ[d~2,Pi"2/4xb"4]
Int[Cos[c_+d_.*x_"2]*FresnelC[b_.xx_],x_Symbol] :=

Cos[c]»Int[Cos[d«x"2] xFresnelC[bxx],x] - Sin[c]+Int[Sin[dx"2]«FresnelC[bxx],x]| /;
FreeQ[{b,c,d},x] && EqQ[dA2,PiA2/4*bA4]

X: Jsin [c +dx?] FresnelS[a + bx]" dx

Rule:

jsin [c+dx?] FresnelS[a+bx]"dx — J.Sin [c+dx*] FresnelS[a +bx]" dx

Program code:

Int[Sin[c_.+d_.*x_"2]*FresnelS[a_.+b_.*x_]"n_.,x_Symbol] :=
Unintegrable[Sin[c+dxx"2] xFresnelS[a+bxx]*n,x] /;
FreeQ[{a,b,c,d,n},x]
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Int[Cos[c_.+d_.*x_"2]*FresnelC[a_.+b_.*x_]”n_.,x_Symbol] :=
Unintegrable[Cos [c+d*x”*2] xFresnelC[a+bxx]”~n,x] /;
FreeQ[{a,b,c,d,n},x]

5. fCos [c+dx*] FresnelS[a +bx]"dx

1: JcOs[d x2] FresnelS[b x] dx when d? == ’;—2 b*

Derivation: Algebraic expansion
2
Rule: If d? == o~ b4, then
fCos[d x*] FresnelS[bx] dx —

FresnelC[b x] FresnelS[bx] 1 ) . 3 1 ) ) 1 ) i 3 1 ) )
-—1ibx Hyper‘geometrlcPFQ[{l, 1}, {—, 2}, -—1ib°nx ] +—1bx Hypergeometr‘lcPFQ[{l, 13, {—, 2}, —1b°x ]
2b 8 2 2 8 2 2

Program code:

Int[Cos[d_.*x_"2]*FresnelS[b_.xx_],x_Symbol] :=
FresnelC[bxx] xFresnelS[bxx]/ (2xb) -
1/8+Ixbxx"2xHypergeometricPFQ[{1,1},{3/2,2},-1/2+Ixb 2+Pisx"2] +
1/8*1*b*x"z*Hypergeometr‘icPFQ[{1,1},{3/2,2},1/2*I*b"2*Pi*x"2] /5
FreeQ[{b,d},x] & EqQ[d"2,Pi*2/4xb"4]

Int[Sin[d_.+x_"2]FresnelC[b_.xx_],x_Symbol] :=
bxPixFresnelC[bxx] *FresnelS[bxx]/ (4xd) +
1/8%Ixbxx"~2xHypergeometricPFQ[{1,1},{3/2,2},-Ixd*xx"2] -
1/8%Ixbxx"2xHypergeometricPFQ[{1,1},{3/2,2},Ixdxx*2] /;

FreeQ[{b,d},x] && EqQ[dA2,PiA2/4*bA4]

12
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2: JCos [c +dx?] FresnelS[bx] dx when d? = ’;—2 b*

Derivation: Algebraic expansion
Basis: Cos [ ¢ + d x| = Cos[c] Cos |dx?| - Sin[c] Sin|d x?]

Rule: If d? == 7;—2 b#, then

JCos[c +d x?] FresnelS[bx] dx — Cos|[c] JCos[d x?] FresnelS[bx] dx - Sin[c] jsin[d x?] FresnelS[bx] dx

Program code:

Int[Cos[c_+d_.*x_"2]*FresnelS[b_.*x_],x_Symbol] :=
Cos[c]*Int[Cos[d*x"2] xFresnelS[b*x],x] - Sin[c]*Int[Sin[d*x"Z]*Fr'esnels[b*x],x] /3
FreeQ[{b,c,d},x] && EqQ[d"2,Pi"2/4+b"4]

Int[Sin[c_+d_.*x_"2]*FresnelC[b_.xx_],x_Symbol] :=

Sin[c]»Int[Cos[d«x"2] xFresnelC[bxx],x] + Cos[c]+Int[Sin[dx"2]«FresnelC[bxx],x]| /;
FreeQ[{b,c,d},x] && EqQ[dA2,PiA2/4*bA4]

X: JCos [c +dx?] FresnelS[a + bx]" dx

Rule:

jCos [c+dx?] FresnelS[a+bx]"dx — J.Cos [c+dx*] FresnelS[a +bx]" dx

Program code:

Int[Cos[c_.+d_.xx_"2]*FresnelS[a_.+b_.*x_]”n_.,x_Symbol] :=
Unintegrable[Cos [c+d*Xx”2] *FresnelS [a+bxx]”n,x] /;
FreeQ[{a,b,c,d,n},Xx]



Rules for integrands involving Fresnel integral functions

Int[Sin[c_.+d_.*x_"2]«FresnelC[a_.+b_.*x_]"n_.,x_Symbol] :=
Unintegrable[Sin[c+d»x"2] xFresnelC[a+bxx]*n,x] /;
FreeQ[{a,b,c,d,n},x]

14
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6. j(e x)"Sin[c + dx*] FresnelS[a + b x]" dx
1. | x"sin[d x?] FresnelS[bx] dx when d? = ’;—2 b* Amez
1. Jx'“ sin[d xz] FresnelS[b x] dx when d? == f b* Amez*

1: | xSin[dx?] FresnelS[bx] dx when d? = ’;—2 b*

Derivation: Integration by parts and algebraic simplification

Basis: — Oy Cﬁziﬁl = x Sin|d x?]

Basis: If d? == ”Iz b4 then Cos [d x?| Sin| 2 b2 i x?]| = S Sin|2d x?]

Rule: If d? == 7;—2 b*, then

Cos[d x?] FresnelS[bx] 1
+
2d 2bPi

Jx sin[dx*] FresnelS[bx] dx — -

Jsin[zd xz] dx

Basis: Oy Sﬂziﬁl = x Cos |d x?|
Basis: If d? == ”Iz b% thenSin|d x?| Cos|[ 2 b?x?| = 1 sin|[2d x?]

Rule: If d? == ’;—2 b4, then

Sin[d x?] FresnelC[b x]
2d

b
Jx Cos[d x?] FresnelC[bx] dx — “va J.Sin[dez] dx
4

Program code:

Int[x_»Sin[d_.*x_"2]FresnelS[b_.xx_],x_Symbol] :=
-Cos [d«x"2] #FresnelS [bxx]/ (2xd) + 1/(2#b#Pi)+Int[Sin[2xd*x"2],x] /;
FreeQ[{b,d},x] && EqQ[d"2,Pi*2/4+b 4]
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Int[x_xCos[d_.*x_"2]*FresnelC[b_.*x_],x_Symbol] :=
Sin[d«x"2] xFresnelC[bxx]/ (2xd) - b/ (4xd) »Int[Sin[2xd*x"2],x] /;
FreeQ[{b,d},x] & EqQ[d"2,Pi*2/4xb"4]

16
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2: [x"sin[dx?] FresnelS[bx] dx when d? = ’;—2 b* Am-1ez*

Derivation: Integration by parts and algebraic simplification

Basis: — Oy Cﬁ% = xSin|d x?]

Basis: If d? == ”Iz b4 then Cos [d x?| Sin| 2 b2 i x?]| = bf—ﬂ Sin|[2d x?|

Rule: If d? == 7;—2 b* Am-1¢e2z*, then

jx’" sin[dx’] FresnelS[bx] dx —

x"* Cos [d x?] FresnelS[bx] 1
- +
2d 2bPi

m-1
Jx'"‘l sin[2dx?] dx + Jx'“‘z Cos[d x*] FresnelS[bx] dx
2d

Basis: Oy Sl—”z‘zﬁl = x Cos |d x?

Basis: If d? == ”72 b% then Sin|d x?| Cos |2 b2 x?| = 2 Sin|2d x?|
Rule: If d? == 72—2 b* Am-1¢ez*, then

Jx"‘ Cos[d x*] FresnelC[bx] dx —

x"1Sin[dx?] FresnelC[bx] b m-1
-— jx’“'l sin[2dx*] dx - — Jx"“z sin[dx?] FresnelC[bx] dx
2d 4d 2d

Program code:

Int[x_"m_xSin[d_.#x_"2]«FresnelS[b_.xx_],x_Symbol] :=
-x~(m-1) *Cos [d*x”"2] *xFresnelS[bxx]/ (2xd) +
1/(2+bPi) »Int [x~ (m-1) #Sin[2xd*x"2],x] +
(m-1) / (2*d) *Int [x* (m-2) xCos [dxx*2] xFresnelS [bxx],x] /;

FreeQ[{b,d},x] & EqQ[d"2,Pi*2/4xb 4] && IGtQ[m,1]

17
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Int[x_~m_xCos[d_.xx_"2]xFresnelC[b_.*x_],x_Symbol]
X" (m-1) *Sin[d*x”*2] *xFresnelC[bxx] / (2*d) -
b/ (4xd) »Int[x~ (m-1) *Sin[2xd*x"2],x] -

(m-1) / (2%d) *Int [x~ (m-2) *Sin[dxx"2] xFresnelC[bxx],x] /;
FreeQ[{b,d},x] && EqQ[dA2,PiA2/4*bA4] && IGtQ[m,1]

x"sin[dx?] FresnelS[bx] dx when d? = ’;—z b* Am+2ez-

Derivation: Inverted integration by parts

Rule: If d? == 7;—2 b* A m+2 ez ,then

fx’" Sin[dx?] FresnelS[bx] dx —

x™1Sin [d xz] FresnelS[b x] d xm+2 d

.
m+1

Jx“‘*l Cos[2dx*] dx -
b (m+1) (m+2) xb (m+1)

Jx’" Cos[d x’] FresnelC[bx] dx —

xm+1 Cos[d x2] FresnelC[b x] b xm+2 b

m+1 2(m+1) (M+2) 2 (m+1)

Program code:

Int[x_~m_xSin[d_.*x_"2]«FresnelS[b_.xx_],x_Symbol] :=
X~ (m+1) *Sin[dxx*2] xFresnelS [bxx] / (m+1) -
dxx” (m+2)/(Pi*b* (m+1) % (M+2) ) +
d/ (Pixbx (m+1) ) +Int [Xx” (m+1) xCoS [2xd*x"2],X] -
2xd/ (m+1) *Int [x” (m+2) xCos [d*x"*2] xFresnelS [bxx],x] /;
FreeQ[{b,d},x] && EqQ[dA2,PiA2/4*bA4] && ILtQ[m,-2]

Jx’“*l Cos[z d xz] dx +
m+1

2
Jxm*z Cos[d x*] FresnelS[b x] dx
m+1

d
fx'“"z sin[d x*] FresnelC[b x] dx

18
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Int[x_~m_xCos[d_.xx_"2]xFresnelC[b_.*x_],x_Symbol] :=
X" (m+1) *Cos [dxx*2] *xFresnelC[bxx] / (m+1) -
bxXx” (m+2) / (2% (Mm+1) » (Mm+2)) -
b/ (2% (m+1) ) *Int [x* (m+1) *Cos [2*xd*Xx"2] ,Xx] +
2xd/ (m+1) *Int X~ (m+2) *Sin[d*x"2] xFresnelC[bxx],x] /;
FreeQ[{b,d},x] & EqQ[d"2,Pi*2/4xb"4] && ILtQ[m,-2]

X: J(e x)"Sin[c +dx*] FresnelS[a + bx]" dx

Rule:

‘f(ex)msin[c+-dx2]FresnelS[aa—bx]"dx — uf(ex)msin[c+-dx2]FresnelS[a+—bx]“dx

Program code:

Int[(e_.*x_)"m_.*Sin[c_.+d_.*x_"2]«FresnelS[a_.+b_.*x_]"n_.,x_Symbol] :

Unintegrable[ (exx) *mxSin[c+d«x"2] xFresnelS[a+bxx]"n,x]| /;
FreeQ[{a,b,c,d,e,m,n},x]

Int[(e_.*x_)"m_.xCos[c_.+d_.xx_"2]*FresnelC[a_.+b_.*x_]”n_.,x_Symbol]
Unintegrable[ (exx) “mxCos [c+d*x~2] xFresnelC[a+bxx]"n,x] /;
FreeQ[{a,b,c,d,e,m,n},x]
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Rules for integrands involving Fresnel integral functions

7. j(e x)" Cos[c +dx*] FresnelS[a + b x]" dx
1. | x"Cos[dx?] FresnelS[bx] dx when d? == ’;—2 b* Amez
1. Jx'“ Cos[d xz] FresnelS[b x] dx when d? == f b* Amez*

1: | xCos[dx?] FresnelS[bx] dx when d? = 7;—1 b*

Derivation: Integration by parts and algebraic simplification

Basis: Oy Sl—”z‘jjﬁl = x Cos |d x?

Basis: If d? == ”Iz b4 then Sin|d x?| Sin| 2 b2 x?]| = Jf—bdz Sin|[d x?] 2
Rule: If d? == 7;—2 b*, then

sin[dx?] FresnelS[bx] 1 ,
Jx Cos[d x?] FresnelS[bx] dx — y ph— Jsin[d x*]* ax
2 7

Basis: — Oy Cﬂz‘zﬁl = xSin|d x?]

Basis: If d? == ”72 b, then Cos |d x?| Cos | 2 b2 1 x?| == Cos|d xz}z

Rule: If d? == 7;—2 b#, then

Cos[d x?] FresnelC[b x] . b Cos [d xz]zdlx
2d 2d

Jx sin[dx?] FresnelC[bx] dx — -

Program code:

Int[x_=xCos[d_.*x_"2]*FresnelS[b_.xx_],x_Symbol] :=
Sin[dsx"2] xFresnelS[bxx]/ (2xd) - 1/(Pixb)xInt[Sin[d+x"2]"2,x] /;
FreeQ[{b,d},x] & EqQ[d"2,Pi’2/4xb"4]
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Rules for integrands involving Fresnel integral functions

Int[x_»Sin[d_.xx_"2]FresnelC[b_.xx_],x_Symbol] :=
-Cos [d*x”2] xFresnelC[bxx] / (2xd) + b/ (2xd) *Int[Cos [d*x*2]"2,x] /;
FreeQ[{b,d},x] & EqQ[d"2,Pi*2/4xb"4]
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Rules for integrands involving Fresnel integral functions

2: [x"Cos[dx?] FresnelS[bx] dx when d? = ’;—2 b* Am-1ez*

Derivation: Integration by parts and algebraic simplification

Basis: Oy Sl—”% = x Cos |d x?

‘e 2 2 14 : 2] cinl 1l R2 2 2d <4 272
Basis: If d? == Z- b% thenSin|[d x?| Sin| 2 b% 1 x?] = msln[dx}
Rule: If d? == 7;—2b4Am—1eZ*,then

jx’" Cos[d x’] FresnelS[bx] dx —

x"*sin[d x?] FresnelS[bx] 1 5 m-1
-— Jx’"‘l sin[dx*]*dx - — jx'“‘z Sin[d x?] FresnelS[b x] dx
2d b 2d

Basis: — 9y Cﬁziﬁl = x Sin[d x?]

Basis: If d? == ”72 b#, then Cos {d xz] Cos [% b2 xz} == Cos [d xz} 2
Rule: If d? == 7;—2 b4, then

Jx"‘ Sin[dx?] FresnelC[bx] dx —

x"1 Cos [d x?| FresnelC[b x] b m-1
- [4>°] + —J-x’“‘l Cos[d x2]2d1x+
2d

jx'“‘z Cos [d x?] FresnelC[b x] dx
2d 2d

Program code:

Int[x_~m_xCos[d_.*x_"2]xFresnelS[b_.xx_],x_Symbol] :=

X~ (m-1) *Sin[dxx*2] xFresnelS [bxx] / (2xd) -

1/ (Pixb) +Int[x~(m-1) +Sin[d*x"2]*2,x] -

(m-1) / (2#d) *Int [x" (m-2) *Sin[d#x"2] xFresnelS [bxx],x| /;
FreeQ[{b,d},x] && EqQ[d"Z,Pi"Z/4*b"4] && IGtQ[m,1]

22



Rules for integrands involving Fresnel integral functions

Int[x_~m_xSin[d_.*x_"2]«FresnelC[b_.x_],x_Symbol] :=
-x~(m-1) *Cos [d*x”"2] *xFresnelC[bxx]/ (2xd) +
b/ (2xd) *Int [x”* (m-1) *Cos [d*x*2]~2,x] +
(m-1) / (2%d) *Int [x" (m-2) xCos [dxx"*2] xFresnelC[bxx],x] /;
FreeQ[{b,d},x] & EqQ[d"2,Pi*2/4xb 4] && IGtQ[m,1]

2: Jx’" Cos[d x*] FresnelS[bx] dx when d? = ’;—2 b* Am+lez-

Derivation: Inverted integration by parts

Rule: If d? == 7;—2 b* Am+1ez,then

Jx"‘ Cos [d x?] FresnelS[bx] dx —

x™* Cos [d x?] FresnelS[b x] d

m+1 b (m+1)

Jx'“*l Sin [2 d xz] dx +

m+1

jx’" Sin[dx?] FresnelC[bx] dx —

X" sin[d x?] FresnelC[b x] b

m+1 2 (m+1)

Program code:

Int[x_~m_xCos[d_.xx_"2]xFresnelS[b_.*x_],x_Symbol]
X" (m+1) *Cos [dxx”*2] xFresnelS [bxx] / (m+1) -
d/ (Pixbs (m+1) ) +Int X" (m+1) #Sin[2xd*x2],x] +
2xd/ (m+1) *Int [x~ (M+2) #Sin[d*x"2] xFresnelS [bxx],x]
FreeQ[{b,d},x] && EqQ[dA2,PiA2/4*bA4] && ILtQ[m,-1]

~
e

Int[x_m_xSin[d_.xx_"2]«FresnelC[b_.x_],x_Symbol] :
X" (m+1) *Sin[d*x”*2] *xFresnelC[bxx]/ (m+1) -
b/ (2% (m+1) ) »Int[x" (m+1) #Sin[2xd*x*2],X] -
2xd/ (m+1) *Int [x" (m+2) *xCos [d*x"2] xFresnelC[bxx],x] /;
FreeQ[{b,d},x] & EqQ[d"2,Pi*2/4xb"4] && ILtQ[m,-1]

Jx"‘*l sin[2d x2] dx -

m+1

d 2 s 2
jx’"* Sin[d x?] FresnelS[b x] dx

d
Jxm*z Cos[d x*] FresnelC[b x] dx

23



Rules for integrands involving Fresnel integral functions

X: J(e x)" Cos[c +dx*] FresnelS[a +bx]" dx

Rule:

~J‘(ex)mCos[c+dx2] FresnelS[a + bx]"dx — ~J.(ex)’"COS[c+dx2] FresnelS[a + b x]" dx

Program code:

Int[(e_.*x_)”"m_.xCos[c_.+d_.xx_"2]*FresnelS[a_.+b_.*x_]”~n_.,x_Symbol]
Unintegrable[ (exx) “mxCos [c+d*x~2] xFresnelS[a+bxx]"n,x] /;
FreeQ[{a,b,c,d,e,m,n},x]

Int[(e_.*x_)"m_.*Sin[c_.+d_.*x_~2]«FresnelC[a_.+b_.*x_]"n_.,x_Symbol] :

Unintegrable[ (exx)“m«Sin[c+d»x"2] «FresnelC[a+bxx]"n,x] /;
FreeQ[{a,b,c,d,e,m,n},x]
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Rules for integrands involving Fresnel integral functions

8. Ju FresnelS[d (a+bLog[cx"])] dx

1: JFresnels[d (a+blLog[cx"])] ax

Derivation: Integration by parts

=]

bdnsin[Z (d (a+bLlog[cx"]))?]
X

M

Basis: Ox FresnelS[d (a+bLog[cx"])] ==

Rule:

JFr‘esnelS[d (a+blog[cx"])] dx — xFresnels[d (a+bLlog[cx"])] -bdn Jsin[

Program code:

Int[FresnelS[d_.x(a_.+b_.xLog[c_.*x_"n_.])],x_Symbol] :=
x*FresnelS[d« (a+bxLog[cxx*n])] - bxd«n+Int[Sin[Pi/2x (d (a+bxLog[c*x*n]))"2],x] /;
FreeQ[{a,b,c,d,n},x]

Int[FresnelC[d_.=*(a_.+b_.xLog[c_.*x_"n_.]1)],x_Symbol] :=
x*FresnelC[d« (a+bxLog[c*x*n])] - bsdsnsInt[Cos[Pi/2x (d (a+bxLog[cxx*n]))"2],x] /;
FreeQ[{a,b,c,d,n},x]

z (d (a+bLog[cx"]
2

))Z]dlx
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Rules for integrands involving Fresnel integral functions

F 1s|d bL n
2:J-r'esne [d (a+ og[cx])]dlx

X

Derivation: Integration by substitution
Basis: FlLeal<xtl —- L subst [F[x], X, Log[c x"]] OxLog[c x"]

Rule:

FresnelS[d (a+bLog[cx"])] 1
J dx — = Subst[FresnelS[d (a+bx)], x, Log[cx"]]
X n

Program code:

Int[F_[d_.*x(a_.+b_.xLog[c_.*x_"n_.]1)1/x_,x_Symbol] :=
1/n%Subst [F[d* (a+b*x) ],Xx,Log[c*x*n]] /;
FreeQ[{a,b,c,d,n},x] && MemberQ[ {FresnelS,FresnelC},F]
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Rules for integrands involving Fresnel integral functions

3: J(e x)" FresnelS[d (a+bLog[cx"])] dx whenm# -1

Derivation: Integration by parts

bdnsin[Z (d (a+bLog[cx"]))?]
X

Basis: Ox FresnelS[d (a+bLog[cx"])] =

Rule: If m + -1, then

(ex)™* FresnelS[d (a+bLog[cx"]

bd
J(ex)'“FresnelS[d (a+bLlog[cx"])] dx — )] - I;J(ex)’"Sin[g(d (a+bLog[cx"]))2] dx
m+

e(m+1)

Program code:

Int[ (e_.*x_)”~m_.xFresnelS[d_.*(a_.+b_.xLog[c_.*x_"n_.])],x_Symbol] :=
(exx)~ (m+1) xFresnelS[d* (a+bxLog[c*x"*n]) ]/ (ex (m+1l)) -
bxdxn/ (m+1) +Int[ (exx) "m+Sin[Pi/2 (dx (a+bxLog[cxx*n]))~2],x] /;
FreeQ[{a,b,c,d,e,m,n},x] & NeQ[m,-1]

Int[ (e_.*x_)”~m_.xFresnelC[d_.x(a_.+b_.xLog[c_.*x_"n_.])],x_Symbol] :=
(exx)~ (m+1) *xFresnelC[d (a+bxLog[c*x”n]) ]/ (e*x (m+1l)) -
bxd#n/ (m+1) +Int [ (e*x) "m*Cos[Pi/z*(d*(a+b*Log[c*x"n]))"2],x] /3
FreeQ[{a,b,c,d,e,m,n},x] & & NeQ[m,-1]



